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1. Introduction

The quest for physics beyond the standard model will soon enter an exciting phase as the
LHC starts colliding protons at 14 TeV. At such an energy we will be probing the mecha-
nism which breaks the electroweak symmetry and hopefully understand what stabilizes the
associated scale. Whether this mechanism can be described perturbatively by a standard
model Higgs or can be related to new symmetries (such as supersymmetry) or even to
the discovery of an extended space-time structure, is the subject of an intense theoretical
activity. The possibility, however, of answering such far reaching questions at the LHC will
eventually depend on our ability to discriminate signals of new physics from large standard
model backgrounds. With so much energy available in the center of mass, the cross section
for multi-jet QCD events even associated with heavy objects such as weak bosons or top
quarks will be in most cases very large if not overwhelming.

As the need for better predictions for QCD processes with many particles in the final
state has become clear, a substantial activity on developing the techniques and the tools
to perform such calculations has spurred. Several codes have by now become available
that can compute, numerically, tree-level cross sections and generate events with many
particles in the final state in an automatic way [J—[]. Progress has been significant also
in improving the accuracy of the predictions by calculating next-to- and next-to-next-to-
leading QCD corrections for processes with up to three and just one particle in the final
state respectively [f].

In the midst of this effort, unexpected theoretical progress has come from the so-called
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twistor-inspired methods [ff], which have provided new techniques to compute analytic



results for gauge amplitudes both at tree and one-loop level [i]. These new methods go
back to a correspondence between a weakly coupled N = 4 Super Yang-Mills theory and
a certain type of string theory. The key point in this correspondence is that all tree-level
(color-ordered) amplitudes are related to algebraic curves in twistor space. In ref. [§] it
was shown that this leads to the so-called CSW rules, which state that all tree-level (color-
ordered) amplitudes can be constructed using a small class of very special amplitudes, the
maximally helicity violating (MHV) amplitudes. Another important result has been the
formulation of a new kind of recursive relations in addition to the well-known Berends-
Giele recursion [[], the so-called BCF relations [I(, [[]. They state that any tree-level
(color-ordered) amplitude can be constructed from products of two on-shell amplitudes of
fewer particles, multiplied by a simple scalar propagator. These new calculational tools
have allowed to derive expressions for some multi-parton amplitudes [§, [[J, [3] and certain
classes of splitting functions [[[4, [[§], which have simple and compact analytic forms. In
ref. [[ld) the BCF relations were employed to present a rigorous proof of the CSW rules,
which have originally been obtained heuristically. So far, many extensions of the twistor-
inspired methods have been presented, in particular generalizations to include scalars [[[7],
fermions [I§, [[9] and photons [BQ].

The purpose of this work is to present a new extension of the twistor-inspired methods.
We show that it is possible to reformulate the twistor-inspired recursive relations for the
color-ordered amplitudes in terms of the full amplitudes. The motivations are twofold.
The first is mostly theoretical and stems from the observation of an interesting similarity
between a color decomposition based on the adjoint representation and the BCF recursive
relations which suggested the existence of a formulation that embodies both. The second
is more pragmatic and aims at establishing whether the new twistor-inspired recursive
relations are an improvement also at the numerical level. In order to make a consistent
comparison with the most efficient algorithms available [ll, BT}, a recursive formulation
which includes color is necessary. In the standard approach where the color-ordered ampli-
tudes are calculated analytically (or numerically), one has to sum over the permutations
of the color orderings to obtain the full amplitude. This algorithm has an intrinsic fac-
torial growth and cannot compete with the available numerical methods which only grow
exponentially. In this work we derive a general method to reinstate color into the recursive
relations for color-ordered amplitudes and apply it to the BCF and to a modified version
of the CSW relations.

The paper is organized as follows. In section f| we review the notion of color decompo-
sitions, highlighting the different features of the various color bases available. In section
we discuss the Berends-Giele recursive relations and we present a simple derivation of their
color-dressed counterpart which serves as an illustration of the method that will be applied
later. In section | we prove our first main result, i.e., the color-dressed version of the BCF
relations, eq. (f.13) and discuss its most important features. In section [j we reformulate
the CSW relations in terms of simple new three-point effective vertices and derive their
color-dressed version. Section [ contains the numerical results on the evaluation of multi-
gluon amplitudes obtained using the different color-dressed recursive relations, focusing on
the comparison with known techniques. Finally we draw our conclusions.



2. Color decompositions

In this section we briefly review the notion of color decomposition of tree-level QCD am-
plitudes and the available results. Emphasis is given to those aspects that will play an
important role in the following.

The basic idea of a color decomposition is to factorize the information on the gauge
structure from the kinematics. As an example, consider the amplitude for n gluons of
colors ay,as,...,a, (a; =1,...,N? —1). One can easily prove that at tree level, such an
amplitude can be decomposed as [@]

AL, on)= ) Te(T"T%2.--T%) A(1,09,...,00) (2.1)
O'ESnfl

where T'* are the fundamental-representation matrices of SU(N), and the sum is over all
(n — 1)! permutations of (2,...,n). Each trace corresponds to a particular color structure.
The factor associated with each color structure, A, is called a color-ordered amplitude. Tt
depends on the four-momenta p; and polarization vectors ¢; of the n gluons, represented
simply by ¢ in its argument. The color-ordered amplitudes are far simpler to calculate
than the full amplitude A due to the smaller number of Feynman diagrams contributing to
them. They have several remarkable properties. Among them, a special role is played by
the so-called Kleiss-Kuijf relations [2J]. These are linear relations amongst the amplitudes
directly inherited from the gauge structure,i.e., from color, which in the case of n-gluon
amplitudes reduce the number of linearly-independent amplitudes to (n — 2)!. It is then
clear that the number of terms in eq. (2.1]) is not minimal. This decomposition has no
special feature except that it was inspired by string theories (color factors are the Chan-
Paton factors of the open strings). It is universally used to illustrate the idea of color
decomposition and to define the color-ordered amplitudes A in terms of the full amplitude
A. It can be shown, however, that this definition does not depend on the color basis.

Recently, another decomposition has been introduced, which is based on color flows [@,
RH]. This decomposition arises when treating the SU(N) gluon field as an N x N matrix
(Aﬂ)é» (4,7 = 1,...,N), rather than as a one-index field A}, (a = 1,... ,N?2 —1). The
n-gluon amplitude may then be decomposed as

Joo clo 7
AlL,..on)= ) 52600 AL, 09, 00) (2.2)
gESH—1
where the sum is over all (n — 1)! permutations of (2,...,n). The partial amplitudes that

appear in this decomposition are the same as in the decomposition in the fundamental
representation. The color-flow decomposition has several nice features, the most attractive
one being its simplicity. In fact, it is a very natural way to decompose a QCD amplitude,
and as the name suggests, it is based on the flow of color, so the decomposition has a
simple physical interpretation. It does not involve any color matrix and the color factors in
front of each amplitude are either zero or one. This basis makes the numerical calculation

L Also referred to as a dual amplitude or partial amplitude.



of color factors in the evaluation of full amplitudes fast, even though the number of terms
in the sum over the (n — 1)! permutations is not minimal. Finally, such a decomposition
exists for all tree-level parton amplitudes including any number of quark pairs and gluons.

A third decomposition of the multi-gluon amplitude is available, which is based on the
adjoint representation of SU(NV) rather than the fundamental representation [26, R7. The
n-gluon amplitude in this decomposition may be written as

“4(1’ s ,TL) = Z (FagQ Fos .. on=1 )alan A(la 02;.-+,0n—1, ’I’L) ) (23)

O'ESn72
where (F®)% = —ife¢ are the adjoint-representation matrices of SU(N) (f* are the struc-
ture constants), and the sum is over all (n —2)! permutations of (2,...,n—1). The indices

corresponding to the first and the last gluon are taken as “references” and are not included
in the permutations. The partial amplitudes that appear in this decomposition are the
same as in the other decomposition, but only the (n — 2)! linearly-independent amplitudes
are needed. In this respect this formulation is “minimal” as there is no redundancy and
the Kleiss-Kuijf relations are embodied in the color factors. As we will elaborate upon in
the following, there exists a remarkable formal similarity with the BCF recursive relations,
where two gluons are also taken as a reference to build up the full amplitude.

3. Color-dressed Berends-Giele relations

In ref. [{f], Berends and Giele introduced the color-ordered n-point gluon off-shell current J*,
which can be defined as the sum of all color-ordered Feynman diagrams with n external on-
shell legs and a single off-shell leg with polarization u. The color-ordered off-shell currents
can be constructed using the Berends-Giele recursive relations

. n—1
J“(l,?,...,n):P—Q { E ‘/3M p(Pl,k,Pk+1’n) Jy(l,,k)Jp(k—i-l,,n) (31)
1n k=1

n—2 n—1
+> ) Vf”p”J,,(l,...,j)Jp(j+1,...,I<:)Jo(l<:+1,...,n)},
j=1 k=j+1

where
Pij =pi+pit1+-+pj-1+0pj, (3.2)

and V§"? (P, Pg+1,,) and V"7 are the color-ordered three and four-gluon vertices de-
fined in ref. Pg). It is easy to see that the four-gluon vertex appearing in these relations
introduces a larger number of possible combinations of subcurrents than the three-gluon
vertex. It is possible to simplify the recursion by decomposing all four-gluon vertices into
three-vertices including a tensor particle (figure ). Using this decomposition, the Berends-

Giele recursive relations can be rewritten such that only three-point vertices are present

. on—1
J“(l,?,...,n):P—2 E {‘/3“ p(Pl,k7Pk+1,n)JV(17"'7k)Jp(k+17"'7”) (33)
Ln g=1
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Figure 1: Diagrammatic representation of the decomposition of the color-ordered four-gluon ver-
tex.

F VP T k) Jap(k+ 1, n) + VAP T, k) e (k 4+ 1, ,n)},

where J,3 is a tensor off-shell current, and VT“ a8 is the tensor-gluon vertex, defined as

y ig o o
VP = 5 (g"°g"7 — g7 g""). (3.4)

As there exists no one-point tensor off-shell current, all such currents appearing in eq. (B.3)
are defined as zero. The tensor off-shell currents can be easily constructed recursively from
gluon off-shell currents

n—1
Juw(1,2,...,1) = iDap VE*7 > I, k) e (k+ 1, ), (3.5)
k=1

where D43 is the color-ordered tensor “propagator”, defined as

1

Z'D,ul/po - 5 (gﬂpgua _ g;wgup) . (3_6)

We now present a systematic method to dress color-ordered recursive relations with
color in order to obtain recursive relations for the color-dressed off-shell currents. In the
color-flow decomposition, a color-dressed gluon off-shell current can be written as

J <Jo
j]uj(L 27 s 7n) = Z 5i01 51021
oESy

LT (01,09, 0n), (3.7)

where (I,.J) is the color of the off-shell leg. A color-dressed tensor off-shell current can
be obtained similarly. We will explain the color dressing of the Berends-Giele recursive
relations, eq. (B.3), dealing with the pure gluon vertices and the tensor-gluon vertices
separately. After inserting eq. (B.J), into the color-flow decomposition, eq. (B.7), the three-
gluon vertex part reads

. n—1
—1 ] 70 7Un 17
= > D 65V (Poy oy Poyron) (015 08) Tp (0415 - 0n), (3.8)
P €Sy k=1 ’

where

P0'1,0'k :pal +p0'2 ++p0'k7

(3.9)
Po'k+170'n = Poji1 T Popys + 7+ Doy
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Figure 2: Diagrammatic representation of the decomposition (B.1() of the color factor of the
three-gluon vertex part.

The color factor appearing in eq. (B.§) can be written as (figure [J)

o ol orm = okofl oGoRol o sk o &y, (3.10)

lgy Vigy "7 oy q

where

. 5%5? is the color structure of the propagator appearing in the Berends-Giele recursive

relations.

° 551 . 5;?’“ is the color structure of the subcurrent J, (o1, ..., 0x), where the off-shell
leg v has color (K, L).

. 527“1 5;}" is the color structure of the subcurrent J,(opy1,...,0n), where the

off-shell leg p has color (M, N).

o 5?555}\{7[ is part of the color structure of a three-gluon vertex to which the off-shell
legs i, v, p with colors (G, H), (K, L), (M, N) are attached.

We now define an ordered partition of a set E into two independent parts as a pair
(m1,m2) of subsets of E such that m; @ mo = E, which means (7, m2) # (72, m1). Further-
more, we call (unordered) partition of a set F into two independent parts a set {m,ma}
of subsets of E such that m @ mo = F and {m;,m2} = {m2,m1} . These definitions can be
easily extended to partitions of a set F into n > 2 independent parts, for both the ordered
and the unordered case.

In the case encountered here £ = {1,2,...,n}. We will denote the set of all ordered
partitions of F into two independent parts by OP(n,2) and the set of all (unordered)
partitions of E into two independent parts by P(n,2). Using these definitions, the sum
over permutations appearing in eq. (B.§) can be decomposed as follows: For a given value

of k,



e Choose an ordered partition m = (71, m2) in OP(n,2) such that #m = k, where #m
is the number of elements in the set 7.

e Fix the first k elements of the permutation to be in the subset 7.

e Sum over all permutations of the first k£ elements and over all permutations of the

last n — k elements.
e Sum over all possible choices for the ordered partition 7= = (71, 72).
This is equivalent to the replacement
n—1
PN DD DD DI (3.11)
k=1 o€Sy 7€OP(n,2) 0€Sy, o'€S,_

The three-gluon vertex part now reads

JeH G K 5N 1w
R DID DD DI L NS Ty
Ln re0P(n,2) 0€Sk o' €Sn_i

T o N, jo'/n
5 ) (5JK”k J(Opty .o 0k) 5;-];[/ O p " (0] s O, (3.12)
™ rk+1
where 7, = {z!,72..., 7%} and 7y = {xF+1 k2 7}

Clearly, Po 1o and P - only depend on the choice of the ordered partition = =

’
197

(m1,m2), but not on the order of the elements in 7; and mo. We therefore define

P7T1 = Prt + Dp2 ++p7rk’

(3.13)
Pry = prist 4 privz £ - + prne
It is now possible to identify several subcurrents in this expression, namely
TE ) = 3 6E 8 (o o), (3.14)
oc€Sk T
_ — Jo! n
TN () = D 6, O Tp(Oksns s On), (3.15)
o'eSh_k whtl
so that the three-gluon vertex part reads
- = _ _ _
001 o D OENO VY (Pry Pry) T (m) TN (m). (3.16)

Ln rcOP(n,2)

In ref. [PJ] it was shown that the (color-dressed) three-gluon vertex can be expressed in

the color-flow decomposition as?

VIV (Pry, Pry) = 07 KM VI¥P (Pry, Pry) + 0500168 VI (Pry, Pry) . (3.17)

2For brevity, the color indices of the vertex are not written explicitly.
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Figure 3: Color-flow structure of the s-channel contribution to the four gluon vertex.

So, finally the three-gluon vertex part can be written as
— _ _Z — _
ol = S0 VB (Pry, Pr) TEE (1) T () (318)
Ln rep(n,2)

We now address the tensor-gluon part in the Berends-Giele recursive relations, eq. (B.3).
From figure § it can be seen that for the s-channel appearing in the decomposition of the
four-gluon vertex, each tensor-gluon vertex has the same color-flow structure as a three-
gluon vertex. The t-channel contribution is similar. Therefore the tensor-gluon vertex can
be written in the color-flow decomposition as

Vil = g1 61672 Vel 1ol P op virel, (3.19)
where (I, .J) is the color of the tensor particle. The color dressing of the tensor-gluon part
in eq. (B.) is hence exactly the same as for the pure gluon part, leading to

> ofoRen { vl g i) TN (m) + VIO T ) TN (m) b (3.20)
T€OP(n,2)

As the sum runs over all elements in OP(n,2), we can exchange m and my as well as the
color indices (K,L) and (M,N) in the last term. Using eq. (B-I9) the tensor part now
becomes ) )
ST VO g ) TN (m2). (3.21)
TEOP(n,2)
Hence the color-dressed recursive relations with all four-gluon vertices replaced by tensor
particles read

THA, 0 =D (Prn) | Y. VP (Pry, Pry) TR () TMN (2)
mT€P(n,2)

+ > vt g () TMN () | (3.22)
T€OP(n,2)

To complete the color dressing of the Berends-Giele recursive relations, we have to
apply the color-dressing method introduced above to the recursive relations for the off-
shell tensor-currents, eq. (B.§). Both the color-dressed vertex and the color-dressed off-shell



tensor-current have the same form as in the pure gluon case and the recursive relations
for the tensor particle, eq. (B.F), have the same structure as for the three-gluon vertex
part in the previous section. Therefore, one can immediately write down the color-dressed
recursive relations for the off-shell tensor-current

TE(1,2,.n) = iDyas VI YT TEE ) TN (). (3.23)
m€P(n,2)

The two recursive relations, eq. (B.29) and eq. (B.23), can be solved simultaneously to con-
struct color-dressed gluon off-shell currents for arbitrary n. The full color-dressed scattering
amplitude is then recovered be putting the off-shell leg on-shell. This result is equivalent
to the Dyson-Schwinger algorithm presented in ref. [@} It should be noticed that the color-
dressed recursive relations have the same form as the color-ordered Berends-Giele recursive
relations, eq. (B.3) and eq. (B.H). The only difference between the color-ordered and the
color-dressed case is that in the latter we sum over unordered objects and no permutations
need to be taken into account. This is a general feature which will turn out to be common
to all color-dressed recursive relations.

4. Color-dressed BCF relations

In this section, we apply the same method employed to construct the color-dressed Berends-
Giele recursive relations to the BCF recursive relations, presented in refs. [[[(, [[I]. Assuming
that gluons 1 and n have opposite helicities, the BCF recursive relations read

1

n—2
An(1,2,.m) = 3" A (i, 2. ...k —Pljg) - Ani <P{fk, k... n) @)
k=2 1,k

where a sum over the helicities h of the intermediate gluon is implicit, and

with A; and 5\2 being the spinor components of p; = \; 5\2

As in eq. () we have to choose two reference gluons, 1 and n, the color-flow decom-
position and the color decomposition in the fundamental representation are not well suited
to dress the BCF recursive relations with color, because they allow us to fix only one of
the two reference gluons. The most natural color decomposition which fixes both reference
gluons is the color decomposition in the adjoint representation, eq. (R.3). Inserting the
color-ordered BCF relations, eq. ([£1)), into eq. (R.3), one finds

n—2
Au(Lyoon) =30 30 (Fo2  Foon), o Ay <i,02,...,0k,—f3f’£k)

k=20€S,_2



1 N A
P2— An7k+1 <P1h,gk7 Ok+15--+y0n—1, n) ’ (45)
1,01
where
Pl,ak =p1 +p02 + - +pak- (46)

For a given value of k, the sum over permutations appearing in eq. (.§) can be decomposed
in a similar way as for the three-gluon vertex part in the Berends-Giele recursive relations.

The procedure is as follows

e Choose an ordered partition 7 = (my,m2) of {2,3,...,n —2,n — 1} such that #m =
k—1.

e Fix the first kK — 1 elements of the permutation to be in the subset 7.

e Sum over all permutations of the first K — 1 elements and over all permutations of
the last n — k — 1 elements.

e Sum over all possible choices for the ordered partition m = (1, m2).
This is equivalent to the replacement
n—2
DD DD SR I (47)
k=2 o0€Sn_2 WEOP(TL*ZQ) o€SE_1 0'ESH_k_1

where by OP(n — 2,2) we denote the set of all ordered partitions of {2,3,...,n — 1}.
Furthermore, for a fixed value of k, the color factor can be written

(Fo2 . Fn=1) o= (B2 F%) (F%k+1 .. F%n— )eay, > (4.8)
where a sum over z = 1,...,8 is understood.

Finally, the propagator clearly only depends on the choice of the ordered partition 7 =
71, 72) and not on the order of the elements in w1 and my. If 1y = {#x°,7°,..., 7"}, we
, d not on the order of the elements i d my. If I I

define

P1,7T1 =Dp1 +p7r2 +p7r3 ++p7rk7

(4.9)
P7r2,n = _P1,7r1'

At this point it is possible to identify subamplitudes in the expression for A,,, namely
o o 3 S—h
o (P PR Apn (1,aﬂ2,...,awk, —le)
0€SK_1
= Ak+1 <i, 1, —pih’x> , (410)

1,m

pD—h ! ! ~
An7k+1 <_P7r2,n7 O kt1y--+50,m—1, n)

S (B )

Tan
o'€Sp—k-1

= An—k+1 <—P7T_2}f;f,7rg,ﬁ> , o (4.11)

,10,



Figure 4: Diagrammatic representation of the color-dressed BCF recursive relations.

where x is the color of the intermediate gluon.
Collecting all the pieces, the color-dressed BCF recursive relations read

o . 1 A «
AL,2 . m) =S A <1,7r1,—P1,7’:1’x>PTAn_k+1 (P{ffl,@,n). (4.12)
r€EOP(n—2,2) Ly

We emphasize that although the proof of these new recursive relations relies on the
adjoint color basis, the final result, eq. (4.19), is independent of the choice of the basis.
Furthermore, as in the case of the Berends-Giele recursive relations, we see that the form of
the color-dressed BCF recursive relations stays the same as in the color-ordered case, with
the only difference that in eq. (.13) the sum goes over all partitions of {2,3,...,n—1}, i.e.,
over unordered objects. This implies that the new color-dressed BCF recursive relations
have the same properties as in the color-ordered case, namely

1. The definition of the off-shell shifts, eqs. ([.2)-(4), is independent of the color.

2. As in the color-ordered BCF recursive relations, the pole structure of the scattering
amplitude is manifest in eq. (4.19).

3. Similar to the color-ordered case, the subamplitudes in eq. (.19) are not independent,
but they are are linked via the off-shell shifts.

The result (4.12) obtained for amplitudes containing only gluons can be easily ex-
tended to include a single quark pair. For amplitudes containing a single ¢¢ pair, the color
decomposition reads [Pg

An(1g,2,...,n = 1ng) = > (T%...Tn1)7 Ay (1g,02,...,0n-1,n7). (413)
O'ESn72

The BCF recursive relations for color-ordered amplitudes still hold when a quark pair is
included, where either a quark or a gluon can be chosen as the intermediate particle [[[§]. If

— 11 —



a quark is chosen for the internal line, no sum over helicities has to be carried out, because
helicity is conserved all along the fermion line. The BCF recursive relations then read

n—2
h —h “h A h
A1l 2, g™ =S A <1q,2,...,k, —P@lk) (4.14)
k=2
1 Ah L
22 An—k11 (Pqu,k: +1,...,n— 1,nq > ,
q,1k

where h is the helicity of the quark. Both the recursive relations and the color decomposi-
tion have the same form as in the case of a pure gluon amplitude, with the only difference
that instead of working in the adjoint representation one now has to work in the funda-
mental representation of SU(3). So the recursive relations derived in the case of pure gluon
amplitudes can be easily extended to include a single ¢g pair

h —h
An(14,2,...,n7") =

2 A—h 1 Ah -
Z .Ak+1 (12,7’(’1, _P(j,17;f> P2— -Ankarl <Pq7’f§rl,7rg,nq h) . (415)
m€OP(n—2,2) g,1m

The formula is exactly the same as in the pure gluon case, up to two small differences:
e no helicity sum has to be carried out for the internal line
e 1 is a color index in the fundamental representation.

It is possible to extend this relation to include photons, by simply performing the substi-
tution
(%)) — 6. (4.16)

From this it follows that a QED amplitude containing a single ¢¢ pair and n — 2 photons
can be written in terms of color-ordered amplitudes as

AP (14,2, on—1ng) = D An(lg,02,...,00-1,n7). (4.17)
0ESH_2

Thus the above recursive relations (}1.14]) still hold for QED amplitudes. This particular
result has already been pointed out by Stirling and Ozeren in ref. [R(]. However, as shown
there, for QED processes it is more efficient to take one of the fermions and one photon
as reference particles. In fact, as there is no photon-photon vertex, all the terms in the
recursive relations where both fermions are in the same subamplitude vanish, simplifying
the calculation.

5. Color-dressed CSW rules

In this section we present the color-dressing of the CSW vertex rules introduced in refs. [ff
H. These rules state that it is possible to build all color-ordered amplitudes from MHV
vertices, connecting them by scalar propagators. Each off-shell leg with momentum P
then corresponds to a spinor P,yn®, using some arbitrary antiholomorphic reference spinor

- 12 —
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contributions from MHV vertices involving up to n particles. The number of different

However, the CSW rules imply that an n-point color-ordered amplitude may have

vertices is thus growing steadily with the number of particles, which makes it impossible
to put the Berends-Giele recursive relations and the CSW rules on the same footing. This
problem has also been addressed in ref. [29]. Here we introduce a new method to decompose
an MHYV vertex into three-point vertices involving an auxiliary particle and derive recursive
relations for both the auxiliary particle and the scalar propagators. Once these relations
have been obtained, the corresponding color dressing is performed.

In analogy to the Berends-Giele recursive relations we define an n-point scalar off-shell
current Jy(1,...,n) as the sum of all MHV diagrams with n external on-shell legs, and
one off-shell leg with helicity h.?> This scalar off-shell current can be easily constructed
employing the CSW rules:

1 n—1 B ., . ' .
T, n) = ox Y A (-PM’;, P, Pk}rm) Ty (L, i) Ty (i + 1, n)
n =1

)

n—2 n—1

—h h h h, .
+3 % A (—PW Pl Pl ijm) Ty (1. 0)
i=1 j=i+1

I (041, ) Ihs (G + 1, )+ |, (5.1)

where the dots indicate terms with higher order MHV vertices. A sum over helicities
(h,h1,hg,...) with —h+hy 4+ hg+ -+ = n—4is understood. According to the CSW rules,
the vertices A,, correspond to off-shell continued n-point MHV amplitudes.

However, as mentioned above in this form the CSW relations imply a factorial growth
in the color-dressed case, because of possibly large numbers of legs at single MHV vertices
and the associated permutations of these legs. In order to tame this growth, we rewrite
the CSW relations in a form similar to the Berends-Giele recursion with a tensor particle,
where the terms in table [l] serve as basic building blocks. We first introduce auxiliary

double-lines, carrying threefold information:
e The total momentum P flowing in the double-line.

e A pair (k;, k), describing the momenta flowing in each of the two lines separately.
Notice that in general k; + k. # P.

e A pair (a,b), describing the momenta of the negative helicity legs in the corresponding
MHV amplitude contained in the off-shell current. If no negative helicity gluon is
attached to the double-line, then a = b = 0, and if only one negative helicity gluon
is attached, then b = 0.

3In the context of the CSW rules, it makes sense to talk about the helicity of an off-shell particle. As the
off-shell continuation of the spinors involves an arbitrary reference spinor n?, the scalar off-shell currents
are not gauge invariant objects. However, the n% dependence drops out in the end [E]
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Right-handed Vertices

i J ‘ aB)?

Y| e = G
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\\sz ‘/huhjﬂkbk(,j) ::Zééy OkyiOk.j €(hi, hj, arb)
i

N | VAR e d) = 7 G o by agh)
i J wsbe e (aB)4

E(Gibi, hj, hk)

~{

Vaar ™ (inind) = o Gy

Table 1: Right-handed basic building blocks in the MHV decomposition of color-ordered ampli-
tudes in the CSW approach. Details are given in the text.

In order to build recursive relations where all n-point MHV vertices for n > 4 are de-
composed into three-point vertices, we define n-point (off-shell) double-line currents
Jgg(l, ...,n), where 1 < u < v < n, as the sum of all diagrams with n external on-shell
legs and an (off-shell) auxiliary double-line. This line carries the information (k;,k,) =
(P, Pyy1,n) and (a,b), a and b being the momenta of the negative helicity gluons at-
tached to it.* Furthermore, in the color-ordered case, a must be of the form a = P; ; with
(i,7) constrained to one of the following possibilities

1<i<j<u,
u+1<i<j<o, (5.2)
v+1<i<j<n

and equivalently for b. Notice that according to our definition there are no one-point
double-line currents. For later convenience we define all one-point double-line currents as
zero. All other double-line currents can be built recursively employing the vertices given
in table [, yielding

JO(,. . n) = by v*“””"“’(za1 wr Pusin) Iy (1, ) Ty (w41, ) (5.3)

+(1 = b)) Zvijh“b (Prus Pu1,0Por1n)JSE (1, 0)Jn(v + 1, n),

where sums over repeated indices are always understood.
The indices o and 3 in table [I] refer to the two particles with negative helicity within
one MHV amplitude. The € functions appearing in the vertices involving an auxiliary

Tt is easy to see that all other assignments for (k;, k) do not contribute in the color-ordered case.
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double-line keep track of the negative helicity gluons attached to them,

_ { 1, if #negative helicity gluons < 2 (5.4)

0, if #negative helicity gluons > 2

A vertex vanishes if the number of negative helicity gluons attached to a double-line is
greater than two, since this situation corresponds to a non-MHV amplitude, that has to
be decomposed further by means of the CSW relations. No permutation of the incoming
legs is allowed, since it would lead to double-counting. The respective rules in the MHV
decomposition are obtained from the above by swaping helicities and replacing angular by
square brackets. In analogy to the double-line current, we can write the recursive relation
for the scalar off-shell current in terms of double-line and scalar off-shell currents

Ju(1,...,n) = Z VAL (P Poyan) T (1, k) Ty (k4 1, n) (5.5)
" k=

2
1
k—1k—
ZZ VAR (P, Pyyt ey Prgin) J20 (L, k) Jny (k4 1, m) .

Notice that the second term vanishes for k = 1 due to the vanishing of all one-point
double-line currents.

The vertices given in table [[ correspond to the situation where all gluons are attached
on one side of the double-line. We will refer to these vertices as the right-handed vertices.
The right-handed vertices are sufficient to construct all MHV amplitudes. However, it is
convenient for the subsequent color dressing of the CSW rules to recast eq. (b.F) into a
symmetric form. To do so, first we define left-handed vertices where all the gluons are
attached to the opposite side of the double-line. These vertices are shown in table .5 In
the left-handed decomposition, the recursive relations eq. (6.J) and eq. (5.5) read

JO(, . n) = by v’“””vab(P1 s Puin) Jny (1, yw) Jpy (w41, n) (5.6)

h,a't’ b 'y
(1= 6u) Z Vil (Prus Puttw, Povin) Jn(1, . yuw) JOY (w41, n),
w=u+1

n—1
1
Jn(1,. —P—2 VAL Py gy Posan) Ing (1, oK) Ty (k 41,y n) (5.7)
Ln k=1

n—k—1n—k—1

k— k—
+ 3> V(P Pesrs Posin) Ty (Lo B) Jibh(k +1,..n) |

u=1 V=1

Combining the right- and left-handed decompositions, it is possible to write the recur-
sive relations in a symmetric form involving both right-handed and left-handed vertices

JO, . ) = Sy VIS (P, Pusin) Jny (1, yw) Ty (w+ 1, n) (5.8)

5As Voo and Vag are the same in both the right and left-handed decompositions, we do not list them
again in table E
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Left-handed Vertices
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Table 2: Left-handed basic building blocks in the MHV decomposition of color-ordered amplitudes
in the CSW approach.

1/

Z VPP Py Poyin) JEY (1, 0) Jy(w+1,...,n)

+ ( Z VIeYab(py Pyt Poytn) Jn(Ls o w) JEY (w41, n),
w=u-+1
1 n—1
(L, om) = 55 S VIS M Pk, Pesan) T (1, k) iy (K + 1, n) (5.9)
1n p—1
k 1k-1
+ = ZZ VAR (P, Pyt s Prgan) J22 (1, k) Jpy (k4 1, n)
u=1v=u
1n—k—1n—k—1
T3 DS VLM (P g, Prst s Posin) Jny (Lo B) TRk + 1, ) |

These recursive relations, equivalent to the CSW vertex rules, can be solved simultaneously
to construct the scalar off-shell current. The difference to the pure CSW approach without
decomposition of the MHV vertices lies in the fact that the number of different vertices
in eq. (f.§) and eq. (.9) is fixed and does not grow with the number of particles. The
approach thereby differs from the one presented in ref. Rg]. Furthermore, as the number of
different vertices is fixed and as only three-point vertices are present, these new recursive
relations are well suited to be compared to the Berends-Giele recursive relations.

We now turn to the color dressing of the new CSW-like recursive relations. The pro-
cedure is very similar to the Berends-Giele case, but it contains some technical subtleties.
The interested reader may refer to appendix A for a detailed discussion. As the new re-
cursive relations only contain three-point vertices, we expect the color-dressed vertices to
be of the same form as in eq. (B.17),

V(P,Q) = 6§35} Va(P,Q) + 0§61 5f Vi(Q, P). (5.10)
In the color-flow basis, the scalar off-shell currents are defined in the usual way

Jha,.. Z(s;{,laj;l L8 T, 09 o). (5.11)
UGSn
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The color-dressed n-point double-line currents are defined by

J J Jo U;nv j"?’"’n
Tel (s = Y > Y [5;]01’1...(51& a8 (512)

o

=

€Sy 0'ESy_y 0" ESn_y moutl rutl
= T 71 Jo
ab / 1 J Ir,n Im,v Lu

Juo(Omyy O, son )+ 05, .0, ] T )

Tru41 Tm,u+1 L1
Jab (0‘” o o )
(n—v)(n—u) \YVmrs Yy YT/ |
where 7; and 7, are two proper subsets of {1,2,...,n} referring to the momenta flowing in

each line separately, (k, k) = (Pr,, Pr, ), and m, is defined by m @ 7, &7, = {1,2,...,n}
(Notice that 7, may be empty). On the right-hand side of eq. (p.19), the indices (u,v) of
the color-ordered currents are defined by (u,v) = (#m,n — #m,) and

m o= {mi, 72, ... 7},
o = a2 vy, (513)
= {met a2 A

Finally, the symbols o; ; are defined by o0; ; = 0(77{ ). Notice that due to the second term
appearing in eq. (5.19), a color-dressed n-point double-line current is symmetric in (7, 7,.).
The color dressing is similar to the Berends-Giele case and the result is

— 1 — —
Ty =5 |3 VE (Pry P) T (r) TN () (5.14)
Ln | zepP(n,2)

1 — _
+ 5 Z Vg'%hhh(PﬂmPﬂgypﬂg)j;f);é([/(ﬂ-la 7T2)u7]—f‘14N(7T3)

w€OP(n,3)
1 _ _
+ 5 Z Vg’ljzlhhh(PﬂuP7T37P7T4)~77glb77r13(L(771777277'(3)&7!5\1/[]\[(774) )
T€OP(n,4)
T (701 T 1) = B V> (Pry, P ) TEE () TN () (5.15)
1 N 1/ T T
(1= 8u)g [Vaa ™" Py Pryy Pry) Tindy " () T ()
+ > VAR Py, Pry, Pr) TR (o) TN ()
TE€OP(mm,2)
)]

where in eq. (p.19) OP(m,,2) is the set of all ordered partitions of 7, into two independent
parts.

Apart from a few subtleties, the procedure of the color dressing is now similar to the
Berends-Giele case. A detailed discussion is given in appendix A. The main differences are
the following:
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e As the color-dressed vertices, eq. (5.10), have both right and left-handed contribu-

tions, the symmetric form for the color-ordered recursive relations, eq. (b.§) and

eq. (F.9) is employed.

e The contributions coming from the v = v and u # v terms in eq. (f.§) and eq. (f.9)
are treated separately. For example, the v = v and u # v contributions in eq. (p.9)
give rise to the OP(n,3) and OP(n,4) terms in eq. (5.14), respectively.

Apart from these, the new CSW-like recursive relations retain the same form as the cor-
responding color-ordered relations with the difference that in the color-ordered case the
sum goes over unordered objects. Furthermore, as in the color-ordered case, the number
of different vertices is fixed and only three-point vertices appear in the recursive relations.
Therefore we may compare them to the color-dressed Berends-Giele recursive relation pre-
sented in section .

6. Numerical results

All relations for calculating multi-gluon amplitudes presented in the previous sections have
been implemented into C++ Monte Carlo programs using the tools set ATOOLS-2.0 and
the integration package PHASIC++-1.0 [[{]. A comparison of calculation times for helicity
summed color-ordered amplitudes versus the results obtained in ref. has been per-
formed. Our implementations yield exactly the same growth in computation time, except
for the CSW rules, where we gain considerably due to rewriting the CSW vertex rules in
terms of recursive relations for internal lines. Furthermore we have checked, employing the
color-flow basis, that the color-dressed relations yield the same results as the calculations
employing color-ordered amplitudes along with the color-flow decomposition presented in
ref. P§]. Using the adjoint representation, we have checked that the color-dressed BCF
relations yield the same result as the color-ordered ones along with a decomposition of the
total amplitude in the adjoint basis.

A comparison of the computation times for the various approaches using the color-
flow basis can be found in table . The color-dressed Berends-Giele relations are the
fastest method for more than five final state gluons. For less than six final state gluons the
color-flow decomposition using color-ordered amplitudes calculated according to the BCF
recursion performs better. In this case only few valid color flows exist [R5] and primarily
(or only) MHV vertices contribute. For those the computation time increases only linearly
with the number of final state particles in the color-ordered BCF relations.

It is apparent that the computation times in the color-dressed BCF and in the color-
dressed CSW case grow very fast. In the case of the CSW relations the reason is the
number of types of internal lines, which is larger than in the Berends-Giele and in the BCF
approach. In this respect it is important to note that each double line may eventually
carry zero, one or two indices of attached negative helicity gluons. Additionally, in most
cases two vertices exist for either of these lines (cf. table []), yielding a large amount of
lines that finally have to be computed. However, the growth we encounter by employing
this method is still not factorial but exponential. Nevertheless the factor in the exponent
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is still too large for the method to be competitive with the Berends-Giele approach. This
fact is illustrated in table {, where we list the average number of nonzero internal lines
counted either by value or by origination vertex. The former corresponds to the average
number of nonzero currents in the Berends-Giele approach.

Employing the color-dressed BCF relations, we encounter a factorial growth of the
computation time. We have identified three main reasons:

e The subamplitudes are linked by the spinor shifts.
e The natural color basis is the adjoint basis.

e The amplitudes are decomposed down to three-point vertices.

We address these points in order.

In the color-dressed as well as in the color-ordered BCF relations, eqs. (.1) and ({.13),
the subamplitudes of a given decomposition are linked via the shifts eqs. (f.2)—(f=4). Thus
the BCF relations need a recursive calculation of subamplitudes in the sense that the total
amplitude is to be decomposed successively into smaller building blocks, finally yielding
only three-point MHV vertices. In other words, we have to take eq. (f:19) literally and ap-
ply a top-down approach of the computation, since for the evaluation of each subamplitude
all previous spinor shifts have to be computed. Figuratively speaking, this is due to the fact
that in the BCF recursion all subamplitudes “remember” which decomposition they orig-
inated from, thus inhibiting the calculation of general color-dressed subamplitudes. This
fact is also illustrated in table [, where we list the average number of distinct nonzero MHV
vertices and the average number of distinct assignments of unshifted momenta at these ver-
tices. The latter corresponds to the average number of internal lines in the CSW approach,
counted by origination vertex. It grows much slower than the former, although faster than
for example the average number of nonzero currents in the Berends-Giele relations.

Final BG BCF CSW

State CcO CD CcO CD CcO CD

2g 0.24 0.28 0.28 0.33 0.31 0.26
3g 0.45 0.48 0.42 0.51 0.57 0.55
4g 1.20 1.04 0.84 1.32 1.63 1.75
5¢ 3.78 2.69 2.59 7.26 5.95 5.96
6g 14.2 7.19 11.9 99.1 27.8 30.6
Tg 58.5 23.7 73.6 646 146 195

8¢g 276 82.1 597 8690 919 1890

9¢g 1450 270 5900 127000 6310 29700
10g 7960 864 64000 - 48900 -

Table 3: Computation time (s) of the 2 — n gluon amplitudes for 10* phase space points, sam-
pled over helicity and color. Results are given for the color-ordered (CO) and the color-dressed
(CD) Berends-Giele (BG), Britto-Cachazo-Feng (BCF) and Cachazo-Svréek-Witten (CSW) rela-
tions. Numbers were generated on a 2.66 GHz Xeon™ CPU.
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Final | Currents Internal lines (CSW) by MHYV vertices (BCF) by

State (BG) vertex value vertex value
2g 7.04 3.48 7.56 1.98 1.98
39 19.50 8.56 27.45 4.43 4.57
4g 44.67 18.58 109.0 14.13 18.17
5g 95.74 38.63 407.4 63.88 126.3
6g 198.8 78.25 1648 297.2 1026
79 405.8 157.8 6773 1395 10330
8g 850.3 325.8 31340 6073 124600

Table 4: Average number of nonzero currents in the color-dressed Berends-Giele relations, average
number of internal lines in the CSW approach and average number of nonzero MHV vertices in the
color-dressed BCF relations using the color-flow decomposition. MHV vertices in BCF are counted
either by distinct value or by distinct assignment of unshifted external momenta. Internal lines in
CSW are counted either by vertex or by distinct value.

When applying the top-down procedure of the computation described above, it is nec-
essary to avoid the calculation of terms yielding zero due to the color assignment of external
and internal lines. This can be done in two steps. First, all valid color flows are identified
employing an algorithm similar to the one used for the Berends-Giele recursion. Second,
the subamplitudes are calculated only for the valid color structures. The calculation can
be alleviated if the reference particles in the recursion are chosen such that together they
form a color current having a nonvanishing contribution to the respective amplitude. Since
there exists no decomposition assigning both particles to a common subamplitude, the
corresponding color current does not contribute anymore. This procedure eliminates many
terms in the recursion, but it is still insufficient in the case of the color-flow basis. In fact
we expect some redundancy in the calculation of color-ordered subamplitudes due to the
dual Ward identities, which is introduced by fixing the reference particles for all possible
color flows of an amplitude simultaneously, cf. eq. (.I3). To see this, consider a dual Ward
identity of the form

A(2,1,3,...,n) = —

>AQL..

1£2; 1<l<n

12,041,...,n). (6.1)

Assume that particles 1 and n have been fixed to be the reference particles in the recursion
and the ordering {2,1,3,...,n} yields a valid color flow. In this case the above choice
of reference particles is actually inconvenient to calculate the respective contribution to
the total amplitude, since the sum on the right hand side of eq. (p.]) could be replaced
by the one term on the left hand side. This problem does not occur in the color-ordered
case, since the reference particles are chosen separately for each color flow. To illustrate
this, in table | we compare the ratio of the average number of distinct nonzero MHV
vertices in the color-dressed and the color-ordered BCF relations for the color-flow basis
and the adjoint representation incorporating all simplifications described above. In the
adjoint representation the color-dressed relations yield less terms than the color-ordered
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Process Color flow Adjoint
gg — 29 0.78 0.86
g9 — 3¢ 0.83 0.74
g9 — 4g 0.94 0.60
gg — 5g 1.14 0.51
gg — 6g 1.44 0.44

Table 5: Ratio of the average number of nonzero MHV vertices in the color dressed and the
color-ordered case in the color-flow and the adjoint representation decomposition.

Process CO CD
general MHV | 3-point MHV

gg — 2g 1.28 2.55 1.98
gg — 3¢ 1.84 5.51 4.57
g9 — 4g 7.41 19.33 18.17
gg — 5g 48.78 110.7 126.3
gg — 6g 318.3 714.7 1026
99— Tg 2329 5269 10330
g9 — 8¢g 20650 46890 124600

Table 6: Average number of nonzero MHV vertices in the color-flow decomposition for the color-
ordered (CO) and the color-dressed (CD) BCF relations.

ones, since the adjoint representation naturally avoids the problem of encountering singlet
gluons, that decouple. However, much more effort is spent on the computation of color
factors in the adjoint representation [P, such that it is not the method of choice.

In the color-dressed BCF relations each amplitude is decomposed completely into three-
point vertices. In contrast, in the color-ordered case, any MHV amplitude occuring in any
step of the recursion can be evaluated immediately. To highlight the differences due to this
treatment, table |§ shows a comparison of the average number of distinct nonzero MHV
vertices that have to be evaluated in the color-dressed and in the color-ordered case. We
also give the same number for the color-ordered case, when each amplitude is decomposed

into three-point vertices as well.

7. Conclusions

We have presented a new approach to the calculation of multi-parton amplitudes which
extends the recursive relations for the color-ordered amplitudes to relations for the full
colored amplitudes. We have argued that in general these new color-dressed relations
should be more suitable for a numerical implementation since they naturally avoid the
factorial growth implicit in taking the sum over the permutations of the possible color

flows in an amplitude. The taming of the factorial growth to an exponential one is easily
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proved in the color-dressed formulation of the Berends-Giele recursive relations which we
find to be the same as the Schwinger-Dyson approach introduced in ref. [21] and equivalent
to the ALPHA algorithm of ref. [B]]. Using a similar approach but exploiting the adjoint
color basis decomposition, eq. (B.J), we have proved a new formulation of the BCF relations,
eq. ([E12), which involves the full amplitudes, including color, and retains the same formal
simplicity of the original formulation. Finally, we have considered the CSW relations. In
this case we had first to recast them in a form similar to the Berends-Giele relation through
the introduction of a new type of three-point vertices and effective particles, egs. (@), (@)
It is interesting to note that while for the Berends-Giele relations the color dressing is
straightforward due to the close correspondence to the Feynman diagram approach, this is
far less trivial for the BCF and CSW relations, for which there is no direct relation to the
standard quantum field theory perturbative approach.

To test the numerical efficiency of the different formulations we have also implemented
the corresponding algorithms and computed squared amplitudes for 2 — n gluon scatter-
ing, by performing the sum over helicities and color with a Monte Carlo method. Our
results clearly show the numerical superiority of the recursive formulation by Berends and
Giele over all twistor-inspired methods, both from the point of view of the growth of com-
plexity with n and the simplicity of the implementation. For the color-ordered amplitude
formulation we confirm the results of ref. [B{] except for the CSW relations, on which we
improve considerably by bringing them to the same level of complexity as the BCF rela-
tions. The color-dressed formulations of the BCF and CSW relations perform worse than
the corresponding color-dressed Berends-Giele relations for different reasons. The BCF
relations are penalized by their top-down structure, i.e., the fact that for each helicity and
color configuration the decomposition in terms of amplitudes with smaller multiplicity has
to be found, and from the fact that their natural (and minimal) color basis is the adjoint
basis which is computationally quite heavy. The “improved” color-dressed CSW relations
instead suffer from the presence of a large number of elementary line types and effective
three-point vertices which eventually affect the overall growth of the algorithm.

In conclusion, we have shown how color can be included in the color-stripped recur-
sive relations coming from twistor-inspired methods that do not have a straightforward
relation with a standard perturbative Lagrangian approach. The resulting color-dressed
BCF relations can be easily derived by employing the adjoint color decomposition, which
exactly matches onto the BCF structure, and retain the same very elegant form of their
color-ordered counterpart. In this respect, it is suggestive to speculate that similar col-
ored relations might be derived also for one-loop amplitudes, for which an analogous color
decomposition holds and may be deduced from an effective QCD Lagrangian, still un-
known.
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A. Derivation of the color-dressed CSW relations

In this appendix we give a detailed derivation for the color dressing of the CSW-like re-
cursive relations presented in section f]. We start with the color dressing of the recursive
relations for the double-line current. As we want all color-dressed vertices to be of the form
given in eq. (5.10), involving both right-handed and left-handed contributions, we use the
symmetric form of the recursive relation, eq. (5.§). We will consider the terms for u = v
and u # v appearing in eq. (b.§) separately and we will start with the u = v term. This
term corresponds to 7, = (). Inserting it into the definition (f.13), we obtain

7 Jo u j"ﬁ,n h1,ha,ab
Sy 51{”71...55; VR (P Py ) Ty (0m) T (0) (A1)

o
1
UESu U//Esn—u mut

91wy rha,h1,ab
LSV (P By ) Ty (0) Ty (0m) |

The decomposition of the two color factors is similar to the Berends-Giele case, eq. (B.1(),

J

J 7‘7l u j"ﬁ,n _ J K ¢M L 7‘7l,u N ‘71/"/,n
Of bt e = otaRayt ok et e, et (A2)
’ Trut1 ’ ru+1
- J 7, e I 7,
J Ir,n Tlu _ sJ MK N Or,n L Tlu
N S 0 S Y 520”...51( . (A3)
'ru+1 1 ru+1

As Pam = P, and PUZT = Py, , we can identify two scalar subcurrents in eq. (@)

Jo “
=) 5%11 O Ty (o), (A.4)
gESy
It
TM = > 4 O Ty (0l ), (A.5)
”GSn w

and so the u = v term reads
(6708 61 VAL > (Pry, Pr,) + 0561761 VAR (P, Pe) Tl E(m) TN (7). (AL6)
We define the color-dressed AG-vertex as®
Vhihoabp Py = 6168 sM viLhab(p Py 4 650N K Vit (p Py (AT)
and so finally the © = v term reads
VAG" (P, Pr ) TS () Tt ™ () (A-8)

We now turn to the u # v term in eq. (@) This term has four contributions, corresponding
to the right-handed and left-handed decompositions for each of the two terms appearing
in eq. (b.19). We will show the color dressing of the right-handed decomposition of the

5As for the Berends-Giele case, the color indices of the vertices are suppressed.
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first term in eq. (p.12) explicitly. The three remaining contributions can be obtained in a
similar way. The right-handed contribution to the first term in eq. (5.19) gives

v—1
oo > Y v e P et Pon) (A.9)

€Sy 0'ESy_y 0" ESp_p W=

57§ s

to; 1 11

It

4 13t
TS T (0w 07,) Tn(0T,)-

i Jo
A )
1,1 tol wtl

Tmu 5 = (A.10)

T a7 F 71 o g1
JK M <L Tlu Sm,v N 9rn
SpoNoyT ok e s eN, e
’ m,u+1 ro+1

As Py, = Pr and Pyy = Pr,, we can immediately identify the color-dressed scalar

subcurrent )
N V ‘7‘71/"/n
TNy = 3o, deh). (A11)

and we are left with

v—1
J K M~y ,a'b' ,h,ab
S Y S R py P (a12)
0ESy 0/ ESy—_y W=U

: _ ; ]
oLl T g (o ol ) TN ().

lo R ]
1,1 Jm,u+l

We will now consider the contributions coming from w = w and w > u separately. For
w = u we find, with Py 1T = By = Pr,,,

J K ¢M~ra'b h,ab
S>> SNV (Pey, Pr,yy Pry) (A.13)

gE€ESy 0’ ESy_u

I Jou Iotnw 70t/ / MN
5%1 ...5i0/ 0™ Ty (O o ) T ()
’ m,u+1

Due to the Kronecker-deltas appearing in the definition of V44r (See table ll), one has
a’'t’ ,h,ab a’'t! /
VAAR (Pﬂz’Pﬂm’ 7Tr) J(vfu)(vfu) (me? O-Wl) = 0’ (A'14)
and so eq. ([A.T3) can be written

J oK <M+ ,a'b' ,h,ab N
MY SN VAR (Pry, Prys Pr )TN () (A.15)

o€Sy 0'ESy_u

7 7 Jo! 2%
L Tlu Im,v a’b /
(51'(, 5;/ 0™ T (O, 0 )
L1 Jm,u+1

T jo"lm,v 70’ u a/b/
+5ZL/ (5 5]Kl J(Uiu)(viu)(a;m,am)»

%
Um,u+1 91,1
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where the second term vanishes according to eq. (JA.14)). This second term corresponds to
the second term in eq. (p.12)

ab o L Joy jo"lm,v a't/ /
T ()= > Y <5ioll SR N A CIN A (A.16)
€Sy Ulesvfu ot
I Jo! Jo 'y
L m,v L a’b /
+OE, Ty J(v_u)(v_u)(aﬂm,am)).
m,u+1 )
So for w = u, we get
J K sMy,a'b' h,ab 'Y, KL MN
070N OF ViR (Pmapwmapm)j;rlmm (T, mm) Ty (7). (A.17)

For w > u, we can rewrite the sums over w and ¢’ in a similar way as in the Berends-Giele

case, eq. (B1T),
v—1
)OI DD DD DD DI (A-18)
w=u+1l ¢'ESy_u TEOP(mm,2) 0'€Sw—u 0"ESy_w
where OP(m,,2) is the set of all ordered partitions of 7, into 2 independent parts. This
//v :PU,’,{Q :Pﬂ—Q,

+1:9m,

J K sMy,a't' ;h,ab
Yoo DL D NG VAR (Pry Py, Pr) (A.19)
TEOP(Tm,2) 0E€ESy 0/ ESw—n 0" ESy—w
L Jo jgl _
6L : 0 ;! e 6Km’v Jg;g/(o-ma 0/ 0-;{2) jh{wN(ﬂ'r),

o c i T
L1 Um,u+1

rearrangement gives, with P »
m,w

where m = (71, m2) is an ordered partition of 1, and w = #m1. Due to the Kronecker-deltas
in the definition of V44p, we have in a similar manner as for eq. ({A.14)

b ,h,ab 'y
VXAR ¢ (PﬂwP7T17P7Tr)J(auEw)(v—u)(Uggv 0;170771) =0. (A.20)

Using this relation, we can identify a color-dressed double-line current in a similar way as
for the w = u contribution. The w > u contribution reads

S oMV (Pry Py, Pry) Te K E (o) TN (). (A.21)
TE€EOP(1m,2)

Putting together the w = u and w > u terms, we find the contribution from the right-
handed decomposition of the first factor in eq. (p.12)

SLOR oMV (P, P Pr ) TEY K () TN () (A.22)
J K cMy,a't! h,ab " KL v
+ Y SN VAR (Pry, Pry, Pr, ) TN K (o) T ().
TE€EOP(1m,2)

Similar terms are obtained for the remaining three contributions. Adding up all the con-
tributions, we find for the u # v term

ngvhyab(Pﬂ_l,Pﬂ_m, 7-(-T) ja/b/,KZ/(ﬂ_l,ﬂ_m) j}{wN(ﬂ'r) (A23)

T Tm

'y h,ab L
+ ij’ “ (Pr,s Prys Pry) jﬁ:f;ﬁfL(Wmaﬂr) jfvaN(Wl)
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a’b ,h,ab "y KL MN
+ Z VAA (Pﬁz’PM’ 7Tr) ‘77?;71'2 (7Tla771,772) jh (7Tr)
7TEOP (7tm,2)

' h,ab WKL v
—i_VfLLXA7 “ (PFMPM?PM) jﬁrfréKL(TrT?ﬂl?ﬂ?) thN(T"l) )

where the color-dressed AA-vertex is defined as
'Y h,ab 7oK <M 'Y h,ab
VZA ¢ (Pﬂ'l’Pﬂ'Q’ P7r3) = 6i511\§5§v[ VXAR ¢ (Pﬂ'l’Pﬂ'Q’ 7r3) (A'24)

J oM cK 1,h,a'l,ab
+ 5]{/5%6}( VAJAGL “ (PT"S?PT"Q? 7T1) :
Finally the recursive relations for the double-line current read

T (701 T ) = G VL (P, P ) TEE (1) TN () (A.25)

T

1 . A _
+(1 - 5uv)§ [VZ,Z ’h7ab(P7rnP7rm’ ) jﬂl%;KL(Wlaﬂm) jli\/[N(WT)

a'b’ h,ab b KL MN
+ Z VAA (P7T17P7T27P7r7«) \77raln2 (ﬂ-l7ﬂ-17ﬂ-2) jh (WT)
TE€OP(mm,2)

]

which is eq. (b.17) stated in section [f.

We now turn to the color dressing of the recursive relations for the scalar off-shell
currents, and we use again the symmetric form of the recursive relations, eq. (b.9). The
color dressing of the pure gluon part is identical to the color dressing of the three-gluon

vertex part for the Berends-Giele recursive relations, and it evaluates to

Z Vgléh%h(PﬂuPﬂ2)jf{fi(71)j}i\§]v(772)- (A.26)
w€P(n,2)

The term in eq. (p.9) involving a double-line current has contributions from both the right-
handed and the left-handed decompositions. We will only show the color dressing for the
right-handed contribution here. The left-handed contribution can be obtained in a similar
way. The right-handed contribution reads”

n—1k—1k-1

Z Z Z Z 51{1 o 5?” ng}}lfhh(PUl,Um PUU-H,Jk ) P0k+1,an) (A27)

o€Sy k=2 u=1v=u

Jsg(al,...,ok) Iy (Okt1s- -y 0n) -

We consider the terms corresponding to v = v and u # v separately. The v = v term in
eq. (A.27) reads

n—1k—1

J Jon 17ab,h1,h
YD D VERR " (Povows Pouyions Porsron) (A.28)
o€Sy k=2 u=1

"Recall that this term has no contribution from k = 1.
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JSZ(Ula s ’Uk) Jh1 (Uk-i-l, cee 7O'n)-
The color factor is decomposed in the usual way

J Jon J oK VI L Jo V Jon
0, 07 = OLONOT Gy O OO (A.29)

The sums appearing in this expression can be rearranged as

n—1k—1

IIDIIED D SED DD I (4.30)

0€Sn k=2u=1 7reOP(n,3) 0ESy U/Esk—u O'HGSnfk
where on the right-hand side u = #m and k = n — #m3 and OP(n,3) is the set of all
ordered partitions of {1,2,...,n} into three independent parts. Since

ab,h1,h a
Vair™ (Pris Py, P7r3)'](kb—u)(k—u) (m2,m1) =0, (A.31)

due to the Kronecker-deltas in the definition of Vgapg, the result of the color dressing of

eq. (A.2§) is
D OLNSTVEAR " (Pry, Pry, Py ) Tt H(m, m) T (m). - (A32)
7T€OP(n,3)
Adding the left-handed contribution, we find
D VA (Prs Pry, Pr) Tt (i ma) Y (7). (A.33)
7T€OP(n,3)

where the color-dressed G A-vertex is defined by

Ve (Pry, Pry, Pry) =81 08 6 VEN I (Pry, Pry, Pry) (A.34)
J <M K+t h1,abh
+ 51‘Q5245§(VG}4727 (PW37P7F17 7r2) .
The color dressing of the u # v contribution in eq. ([A.27) is similar to the u = v case,
except that we have to introduce the set OP(n,4) of all ordered partitions of {1,...,n}

into four independent parts, and the rearrangement of the sums is now written

n—1k—1 k—1

PP ID VD DD DD DI SEED DI (4.35)

€Sy k=1 u=1v=u+1 T€EOP(n,4) 0€Sy 0'€Sy—y 0" ESK_y 0" ES, 1

where on the right hand side u = #my, v = #m + #mo and k = n — #my. The result of
the color dressing of the u # v contribution then reads

ST VI (Pry, Pry, Pe) TS (1, o, m5) TN (). (A.36)
7T€OP(n,4)

Finally the color-dressed recursive relations for the scalar off-shell current read

7 1 hi1,hash ) v
T, n) = TR > VLM (Pry, Pry) TR (1) TN () (A.37)
Ln | repP(n,2)
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ST VI Py, Pry, Pr) TE0EE (1, 1) TN ()
7T€OP(n,3)

DO | —

_l’_

b,h1,h L
§ Vg;,lx v (P7T1’P7T3’P7T4)t77(r11b77r€,(L(771’772’71-3)&7/?14]\[(774) )
7€OP(n,4)

+

N |

which is eq. (p.14) stated in section [f.

References

1]

2]

M.L. Mangano, M. Moretti, F. Piccinini, R. Pittau and A.D. Polosa, ALPGEN, a generator
for hard multiparton processes in hadronic collisions, JHEP 07 (2003) 001 [hep-ph/0206293].

F. Maltoni and T. Stelzer, MadFEvent: automatic event generation with MadGraph, JHEP 02

(2003) 027 [hep-ph/020815§].

3]

[4]

[5]

(6]

T. Gleisberg, S. Hoche, F. Krauss, A. Schilicke, S. Schumann and J.-C. Winter, Sherpa 1.«
a proof-of-concept version, JHEP 02 (2004) 056 [hep-ph/0311263.

C.G. Papadopoulos and M. Worek, Multi-parton cross sections at hadron colliders,
hep-ph/051215(.

L.J. Dixon, Recent developments in perturbative QCD, AIP Conf. Proc. 792 (2005) 61
lhep-ph/0507064].

E. Witten, Perturbative gauge theory as a string theory in twistor space, |Commun. Math)

Phys. 252 (2004) 189 [hep-th/0312171].

[7]

8]

9]

F. Cachazo and P. Svrcek, Lectures on twistor strings and perturbative Yang-Mills theory,
[PoS (RTN2005) 004 [hep-th/0504194.

F. Cachazo, P. Svréek and E. Witten, MHV wvertices and tree amplitudes in gauge theory,
VHEP 09 (2004) 006 [hep-th/0403047].

F.A. Berends and W.T. Giele, Recursive calculations for processes with n gluons,

B 306 (1988) 759

[10]

[11]

[12]

R. Britto, F. Cachazo and B. Feng, New recursion relations for tree amplitudes of gluons,
[Nucl. Phys. B 715 (2005) 499 [hep-th/041230§].

R. Britto, F. Cachazo, B. Feng and E. Witten, Direct proof of tree-level recursion relation in
Yang-Mills theory, |Phys. Rev. Lett. 94 (2005) 181602 [hep-th/0501057].

M.-X. Luo and C.-k. Wen, Compact formulas for all tree amplitudes of six partons,

Rev. D 71 (2005) 091501 [hep-th/0502009].

[13]

D. de Florian and J. Zurita, Seven parton amplitudes from recursion relations, JHEP 05

(2006) 079 [hep-ph/0605291].

[14]

[15]

[16]

T.G. Birthwright, E.W.N. Glover, V.V. Khoze and P. Marquard, Multi-gluon collinear limits
from MHYV diagrams, JHEP 05 (2005) 013 [hep-ph/0503064].

T.G. Birthwright, E.-W.N. Glover, V.V. Khoze and P. Marquard, Collinear limits in QCD
from MHV rules, JHEP 07 (2005) 06§ [hep-ph/0505219].

K. Risager, A direct proof of the CSW rules, JHEP 12 (2005) 003 [hep—th/0508206].

,28,


http://jhep.sissa.it/stdsearch?paper=07%282003%29001
http://arxiv.org/abs/hep-ph/0206293
http://jhep.sissa.it/stdsearch?paper=02%282003%29027
http://jhep.sissa.it/stdsearch?paper=02%282003%29027
http://arxiv.org/abs/hep-ph/0208156
http://jhep.sissa.it/stdsearch?paper=02%282004%29056
http://arxiv.org/abs/hep-ph/0311263
http://arxiv.org/abs/hep-ph/0512150
http://arxiv.org/abs/hep-ph/0507064
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C252%2C189
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C252%2C189
http://arxiv.org/abs/hep-th/0312171
http://pos.sissa.it/cgi-bin/reader/contribution.cgi?id=PoS(RTN2005)004
http://arxiv.org/abs/hep-th/0504194
http://jhep.sissa.it/stdsearch?paper=09%282004%29006
http://arxiv.org/abs/hep-th/0403047
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB306%2C759
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB306%2C759
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB715%2C499
http://arxiv.org/abs/hep-th/0412308
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C94%2C181602
http://arxiv.org/abs/hep-th/0501052
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C091501
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C091501
http://arxiv.org/abs/hep-th/0502009
http://jhep.sissa.it/stdsearch?paper=05%282006%29073
http://jhep.sissa.it/stdsearch?paper=05%282006%29073
http://arxiv.org/abs/hep-ph/0605291
http://jhep.sissa.it/stdsearch?paper=05%282005%29013
http://arxiv.org/abs/hep-ph/0503063
http://jhep.sissa.it/stdsearch?paper=07%282005%29068
http://arxiv.org/abs/hep-ph/0505219
http://jhep.sissa.it/stdsearch?paper=12%282005%29003
http://arxiv.org/abs/hep-th/0508206

[17] L.J. Dixon, E.W.N. Glover and V.V. Khoze, MHV rules for Higgs plus multi-gluon
amplitudes, JHEP 12 (2004) 015 [hep-th/0411099].

[18] M.-X. Luo and C.-k. Wen, Recursion relations for tree amplitudes in super gauge theories,
VHEP 03 (2005) 004 [hep-th/0501121]|.

[19] S.D. Badger, E.W.N. Glover, V.V. Khoze and P. Svrcek, Recursion relations for gauge theory
amplitudes with massive particles, JHEP 07 (2005) 025 [hep-th/0504159.

[20] K.J. Ozeren and W.J. Stirling, MHV techniques for QED processes, JHEP 11 (2005) 016
[hep-th/0509063].

[21] P.D. Draggiotis, R.H.P. Kleiss and C.G. Papadopoulos, Multi-jet production in hadron
collisions, |[Eur. Phys. J. C 24 (2002) 447 [hep—ph/0202201].

[22] M.L. Mangano, S.J. Parke and Z. Xu, Duality and multi-gluon scattering, |[Nucl. Phys. B 29§

(1088) 654.

[23] R. Kleiss and H. Kuijf, Multi-gluon cross-sections and five jet production at hadron colliders,
[Nucl. Phys. B 312 (1989) 616.

[24] A. Kanaki and C.G. Papadopoulos, HELAC: a package to compute electroweak helicity
amplitudes, [Comput. Phys. Commun. 132 (2000) 306 [hep-ph/0002087].

[25] F. Maltoni, K. Paul, T. Stelzer and S. Willenbrock, Color-flow decomposition of QCD
amplitudes, |Phys. Rev. D 67 (2003) 014026 [hep-ph/0209271.

[26] V. Del Duca, A. Frizzo and F. Maltoni, Factorization of tree QCD amplitudes in the
high-energy limit and in the collinear limit, [Nucl. Phys. B 568 (2000) 211| [hep—ph/9909464].

[27] V. Del Duca, L.J. Dixon and F. Maltoni, New color decompositions for gauge amplitudes at
tree and loop level, [INucl. Phys. B 571 (2000) 51| [hep-ph/9910563].

[28] L.J. Dixon, Calculating scattering amplitudes efficiently, hep-ph/9601359.

[29] I. Bena, Z. Bern and D.A. Kosower, Twistor-space recursive formulation of gauge theory
amplitudes, [Phys. Rev. D 71 (2005) 045008 [hep-th/0406133].

[30] M. Dinsdale, M. Ternick and S. Weinzierl, A comparison of efficient methods for the
computation of Born gluon amplitudes, |[JHEP 03 (2006) 056 [hep-ph/0602204].

[31] F. Caravaglios, M.L. Mangano, M. Moretti and R. Pittau, A new approach to multi-jet
calculations in hadron collisions, [Nucl. Phys. B 539 (1999) 215 [hep-ph/980757(].

,29,


http://jhep.sissa.it/stdsearch?paper=12%282004%29015
http://arxiv.org/abs/hep-th/0411092
http://jhep.sissa.it/stdsearch?paper=03%282005%29004
http://arxiv.org/abs/hep-th/0501121
http://jhep.sissa.it/stdsearch?paper=07%282005%29025
http://arxiv.org/abs/hep-th/0504159
http://jhep.sissa.it/stdsearch?paper=11%282005%29016
http://arxiv.org/abs/hep-th/0509063
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=EPHJA%2CC24%2C447
http://arxiv.org/abs/hep-ph/0202201
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB298%2C653
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB298%2C653
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB312%2C616
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CPHCB%2C132%2C306
http://arxiv.org/abs/hep-ph/0002082
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD67%2C014026
http://arxiv.org/abs/hep-ph/0209271
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB568%2C211
http://arxiv.org/abs/hep-ph/9909464
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB571%2C51
http://arxiv.org/abs/hep-ph/9910563
http://arxiv.org/abs/hep-ph/9601359
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C045008
http://arxiv.org/abs/hep-th/0406133
http://jhep.sissa.it/stdsearch?paper=03%282006%29056
http://arxiv.org/abs/hep-ph/0602204
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB539%2C215
http://arxiv.org/abs/hep-ph/9807570

